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Abstract
Let F be an algebraic surface in the projective 3-space and G0 a surface touching F along
the curve C0 = F ∩ G0.
We develop a special algorithm to 7nd all algebraic surfaces touching F along any algebraic
curve C linked to C0.
Then, after observing that on an algebraic non-singular cone F of degree ≤ 4 any curve C is
linked to a group of generators, we determine all algebraic surfaces circumscribed about a cone
of degree 3 or 4. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 14
1. Introduction
In the projective complex space P3(C) we take an algebraic surface F of degree N
and an algebraic curve C belonging to F .
The problem of whether or not C may be obtained as the (set-theoretic) intersection
of F with some other arbitrary surfaces G had already been the object of previous
extensive research, but many questions are still open.
Some necessary conditions for the contact of order q − 1 ≥ 1 of a given algebraic
surface F along a smooth curve C with some surfaces G are shown in [1,2] where the
problem of determining all the surfaces G which present a contact of low order q with
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a given surface F of low degree along a curve C is systematically studied, supposing
that F has on C the only singularities imposed by the contact: that is to say, double
points locally represented by the equation xy = zq. For example: nodes, if q = 2, and
general biplanar points, if q= 3.
If q = 2 (ordinary contact) and degF ≤ 5, the above conditions are suEcient, so
that, if they are veri7ed by C and F , there exist algebraic surfaces G which touch F
along C.
In the present paper we develop an algorithm which allows us to 7nd the equations
of the surfaces which touch F along C once we know an equation of a surface which
touches F along a curve C′ linked to C.
Here we consider the case (not considered in [1,2]) that F is an algebraic cone
without singular generators and C is non-singular outside the vertex of F .
For the curves which are set-theoretic intersections on a given cone, one can see
papers [3–6] of D.B. JaGe. In particular, JaGe proved that a curve which passes through
the vertex of F is a curve of contact (a set-theoretic intersection with another surface)
if and only if its plane section is a set-theoretic complete intersection on the directrix
of F .
In this paper we study the curves on the cones of degrees 3 and 4. We prove that
on such a cone F every curve is linked to a group of generators of F .
This allows us to 7nd the equations of the surfaces which touch F in some cases
which depend on the multiplicity of C at vertex of F and the order of contact.
2. General results
2.1. Let x0; x1; x2; x3 be homogeneous coordinates in P3(C).
For short, we shall usually use the phrase “the surface F” or “the surface F = 0”
instead of “the surface whose equation is F = 0”. By qC F=0 we mean q to be the
minimal positive integer such that qC is a complete algebraic intersection on F , so that
there exists a surface G which presents contact of order q − 1 (or q-contact) with F
along C; and we also write qC=F ·G. We also say that C is a set-theoretic intersection
on F .
In particular, C F=0 (or C=F ·G) means that C is a complete algebraic intersection
on F (or of F and G, where F and G meet transversally along C).
For what follows it can be useful to remark that if 
 is the linear system of the
surfaces of given degree which give on F the same divisor qC0, and if G∗0 is a
particular surface of 
, any surface of 
 can be written in the form
G0 = G∗0 + F:
So, in order to know all the G0’s which present q-contact with F along C0, it is
enough to know one of them.
The study of the q-contact of two algebraic surfaces F , G along a curve is tackled
in a general way in [1,2]. The basic remark is the following simple consequence of
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Hilbert’s Nullestellensatz:
Proposition. F and G have q-contact along C if and only if for any surface H which
meets transversally F along C there exist two homogeneous polynomials A; B such
that
Hq = AF + BG:
Moreover if C′ is the residual intersection of H and F; the surface B presents
q-contact with F along C′ (cf : [1; 2]):
Now suppose F to be an irreducible cone of order N .
It is well known that if  is the genus of F , the genus of any irreducible algebraic
curve  (not a line) lying on F is ≥ : in fact  is the genus of the involution cut on
 by the generators of F . So a curve  of order n whose genus is less than  breaks
up into n generators. This happens if E[(n − 1)2=4]¡ (where E[ ∗ ] is the integer
part of ∗), since E[(n− 1)2=4] is the maximum genus of the twisted irreducible curves
of order n in P3(C).
2.2. Let C = C0;C1; : : : ;Ck be curves on F of orders n0; n1; : : : ; nk such that Ci +
Ci+1
F=0 (i=0; 1; : : : ; k−1). We say that [C=C0;C1; : : : ;Ck ] is a chain from C0 to Ck .
From the above proposition there follows that Ci is curve of q-contact of F with
some other surface Gi for any index i if and only if this happens for one of them.
Then, if Hj is an algebraic surface whose intersection with F is Cj + Cj+1 (j =
0; 1; : : : ; k − 1) and if q(nj + nj+1) ≥ N 2, there exists a homogeneous polynomial j
such that
Hqj = jF + Gj+1Gj; (2.1)
where Gj and Gj+1 present q-contact with F along Cj and Cj+1 respectively (i.e.
qCj=F ·Gj and qCj+1 =F ·Gj+1). We remark that q(nj+nj+1) ≥ N 2 means degGj+
degGj+1 ≥ degF .
If we know Hj; Gj; Gj+1 such that equality Eq. (2.1) holds, it is very simple to 7nd
all the surfaces Gj−1 such that qCj−1 = F · Gj−1.
Since Hj ·F =Cj +Cj+1 and Gj ·F = qCj, we have Cj =F ∩Gj ∩Hj. Moreover Hj
meets transversally both surfaces F and Gj along Cj. So, if degHj−1 is large enough,
we can write
Hj−1 = Aj−1Hj + Bj−1Gj + Cj−1F; (2.2)
where Aj−1; Bj−1; Cj−1 are homogeneous polynomials of suitable degrees. On the other
hand, if q(nj−1 + nj) ≥ N 2, for j − 1 we have
Hqj−1 = j−1F + GjGj−1; (2.3)
then, by using Eqs. (2.1) and (2.2), one easily sees that there exists a homogeneous
polynomial K such that
GjGj−1 = (Aj−1Hj + Bj−1Gj)q + KF: (2.4)
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This implies that the polynomial (Aj−1Hj + Bj−1Gj)q + KF is divisible by Gj.
Hence there exists a polynomial j−1 such that
K = j−1Gj − Aqj−1j:
Eq. (2.4) becomes
GjGj−1 = A
q
j−1H
q
j +
q∑
%=1
(
q
%
)
B%j−1G
%
j A
q−%
j−1H
q−%
j + (j−1Gj − Aqj−1j)F
and by (2.1)
GjGj−1 = A
q
j−1Gj+1Gj +
q∑
%=1
(
q
%
)
B%j−1G
%
j A
q−%
j−1H
q−%
j + j−1GjF ;
then
Gj−1 = A
q
j−1Gj+1 +
q∑
%=1
(
q
%
)
B%j−1G
%−1
j A
q−%
j−1H
q−%
j + j−1F:
Starting from one of the Gj−1’s – for example from the one that we obtain by
assuming j−1=0 – we are now able to 7nd all the Gj−2’s such that qCj−2=Gj−2 ·F .
If it is not possible to write Hj−1 in form (2.2) we can deduce Gj−1 from Gj
by using the Hilbert Nullenstellensatz and writing a suitable power of Hj−1 as linear
combination of Hj, Gj and F .
This way we construct an iterative procedure which allows us to determine all the
surfaces G such that qC = F · G, provided we know a chain [C = C0; : : : ;Ck ] with
qCk = F · Gk:
The main diEculty will be found in determining the Gk from which to start and in
looking for a convenient way of writing the successive H ’s. Evidently, if qC = F · G
and if ’ and  are the plane curves intersected on F and G by a generic plane  (not
passing through O and not tangent to C), we have ’ · = qD, D=⋃Rj being the set
of points Rj ∈ C ∩ . Then the cone  over  (of vertex O) presents q-contact with
F along
∑
rj, where rj is the line ORj.
Hence, the necessary and suEcient condition in order that there may exist on F
a curve C such that qC F=0 is the existence of a group of generators ri such that∑
qri
F=0.
By JaGe [4] we can suppose that Ck consists of nk lines and we can assume as Gk
the cone , and the question of determining all the surfaces which present contact of
order ≥ 1 with F along their intersection with F is then reduced to the problem of
dividing a linear series on the curve ’. And it is well known that the answer to this
question is given by the principle of equivalence of Riemann and Weiestrass rising
from the Abel theorem.
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We will see that if F is a cone of degree N ≤ 4, every algebraic curve on F is the
starting element of a chain ending in a group of generators.
2.3. Let F ⊂P3(C) be an algebraic irreducible cone of degree N and genus , without
singular generators and C⊂F an algebraic curve of order n and genus p meeting the
generic line of F in % points, not counting the vertex O of F .
If s is the multiplicity of O for C we have
n= N%+ s; − 1 = 12N (N − 3)
and (cf. [8])
p= 1 + 12N%(N + %− 4) + s(%− 1): (2.5)
If H 	= F is an algebraic surface passing through C we must have degF degH ≥
degC, or N degH ≥ N%+ s; hence degH ≥ %+ s=N:
Now let  be the linear system of the surfaces of degree % + l (l ≥ s=N ) which
pass through the vertex of F if s¿ 0. It cuts on C a linear series grlml whose order and
dimension are
ml = (%+ l)(N%+ s)− s;
rl =


(
%+ l+ 3
3
)
−
(
%+ l+ 3− N
3
)
− +l − 2
=12N (%+ l)(%+ l− N + 4)− +l − 1 +
(
N − 1
3
)
(if s ≥ 1);
1
2N (%+ l)(%+ l− N + 4)− +l +
(
N − 1
3
)
(if s= 0);
+l being the maximum number of linearly independent surfaces of degree %+ l which
pass through C and do not contain F as a component.
As
2p− 2− ml = N%(N − l− 4) + %s− (l+ 1)s;
a suEcient condition for grlml being non-special is
N%(N − l− 4) + %s¡ (l+ 1)s: (2.6)
Using Riemann–Roch’s theorem, we get
+l ≥ hl =


(
N − 1
3
)
+ 12Nl(l− N + 4) + 1 if s= 0;(
N − 1
3
)
+ 12Nl(l− N + 4)− ls if s¿ 0:
(2.7)
Therefore if (2.6) holds and hl ¿ 0, there exist at least ∞hl−1 surfaces H of degree
%+ l passing through C and do not containing the cone F as a component.
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We may remark that(
N − 1
3
)
+
1
2
Nl(l− N + 4)
=


(
l+ 3
3
)
+
(
N − l− 1
3
)
− 1 if l ≤ N − 4;
(
l+ 3
3
)
− 1 if l= N − 3; N − 2; N − 1;
(
l+ 3
3
)
−
(
l+ 3− N
3
)
− 1 if l ≥ N:
We also observe that if N%(N − l− 4) + s%= (l+ 1)s, that is to say ml = 2p − 2,
the index of speciality of the grlml is ≤ 1 and therefore in (2.7) we must replace hl
with hl+1. If N ≤ 4 and s=0; (2.7) gives h0 ≥ 1, hence C is the complete algebraic
intersection of F with a surface of degree %; this agrees with the well-known result
that if F is an algebraic surface of P3(C) (or more generally a complete intersection
of primals in Pr(C)) without singular points on C, then qC F=0 implies q=1 (cf. [7]).
3. Cones of degrees three or four
While a quadric cone is a 2-factorial surface, that is to say, any algebraic curve on
it is, counted twice, a complete algebraic intersection of the cone with another surface,
it is obvious that a similar property does not hold for a non-singular cone F of degree
N ≥ 3; for example the generators which are set-theoretic complete intersections on
F constitute a numerable set if N = 3 and a 7nite set (and in general an empty set)
if N ≥ 4. To obtain curves C ∈ F which are not set-theoretic complete intersections
on F , it is enough to take the residual intersection of F with an algebraic surface
containing a generator which is not a set-theoretic complete intersection.
Now we apply the above results to describe the algebraic curves C situated on a
cone F ⊂P3(C) of degree N = 3 or 4 and such that qC F=0 with q ≥ 2; and for each
of them we 7nd the surfaces G such that qC = F · G.
3.1. Elliptic cubic cones. Let now F be an elliptic cubic cone, and let C = C0 be an
algebraic curve on F of order n=3%+ s with 0¡s ≤ 3, s being the multiplicity of C
in O. The genus of C is
p= 1 + 32%(%− 1) + s(%− 1):
Applying the results of 2:3 we see that there are at least ∞hl−1 surfaces H of degree
%+ l passing through C0 and not containing F as a component, where
h1 = 3− s; h2 = 9− 2s; h3 = 18− 3s; : : : :
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Then
1. If s=1 there exists at least one pencil 
1 of surfaces H0 of degree %+1 passing
through C0 and cutting on F , outside C0, the couple C1 = a + b of lines of a linear
series g12:
Hence the ∞1 couples a+ b are complanar with a 7xed generator c = C2 .
2. If s = 2 there exists at least one surface H0 of degree % + 1 passing through C0
which intersects the cone, outside C0, in a residual line C1 = c.
Let C2 = a + b be the residual intersection of F with a plane H1 containing the
line c.
3. If s = 3 the linear system 
2 of the surfaces H0 of degree % + 2 containing C0
cut on F a linear bidimensional series of curves of order three; and a necessary and
suEcient condition for C0 not to be an algebraic complete intersection on F is that
the above series is a linear g23 of triples of non-complanar generators.
Let a+ b+ c be an element of this g23.
Let us assume now that qC F=0. Then, if s ≤ 3, the above lines a; b; c are such that
q(a+ b+ c) F=0 and
1. If s= 1 or 2, we have qc F=0 and also q(a+ b) F=0, so we must have
q ≡ 0 (mod 3)
and c must be one of the q2 lines of multiplicity q of the linear series gq−1q cut on
F by the cones of degree 13q with vertex O. In particular, if q = 3 the line c is one
of the nine inOexional lines of F ; and if q = 6 c is one of the 27 sextatic generators
of F .
Let us remark that if s=1 we can choose the surface H0 in such way that qa
F=0, and
consequently qb F=0 too.
2. If s = 3 (and a; b; c are not in a plane) we have no condition for q. Two of the
lines a; b; c – for example a and b – are any two lines of F , and c is one of the q2
lines of multiplicity q of the linear series gq−1q residual of q(a+ b) with respect to the
g3q−13q cut on F by the cones of degree q with vertex O.
In conclusion
1. For any q there exist curves C0 having O as a point of multiplicity three and
such that qC0
F=0. They are all those for which there exists a chain [C0;C1] where
qC1
F=0 ,with C1 a triple of non-complanar lines.
2. If q ≡ 0 (mod 3)
(a) there exist smooth curves C0⊂F passing through O and such that qC0 F=0.
They are all those for which there is a chain [C0;C1;C2] where C2 is a line of F and
qC2
F=0;
(b) there exist curves C0⊂F passing through O with multiplicity two and such that
qC0
F=0. They are all those for which there is a chain [C0;C1] where C1 is a line of
F such that qC1
F=0:
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3.2. Determining the surfaces tangent to a cubic cone
Case s= 2, q= 3:
We begin by 7nding the algebraic surfaces of degree 3%+2 having the vertex of F as
double point and osculating F along C0. If a and b are the two inOexional lines of the
plane H1 passing through c = C1 and L;M; N are the planes which osculate the cone
along a; b; c, we have for F the equation
F = LMN − H 31 (3.1)
and we can choose G1 = N , G2 = LM .
Since H1 and G1 meet transversally along C1 we can write H0 = A0H1 + B0G1 and
the procedure in 2:2 gives us the equation of any algebraic surface osculating F along
a curve of order 3%+ 2 with the vertex of F as a double point:
G0 = A30LM + 3A
2
0B0H
2
1 + 3A0B
2
0NH1 + B
3
0N
2 + 0F;
where A0; B0; 0 are arbitrary polynomials of degrees %; %; 3%− 1, respectively.
Case s= 2, q= 6:
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We have C1 = c and 6C1 =F ·G1, where G1 is a quadric cone. Let H1 be the tangent
plane to F along c: H1 meets F outside c in an inOexional line d. Let L be the
tangent plane to F along d. As 2c = H1 · G1 we can write: H 20 = A0H1 + B0G1, with
degA0 = 2%+ 1, degB0 = 2%. Moreover
H 60 = 0F + G1G0
with deg0 = 6%+ 3. Then we have
(A0H1 + B0G1)3 − 0F = G1G0: (3.2)
On the other hand, we observe that LG1 and H 31 cut on F the same curve 6c+ 3d,
so
F = H 31 + LG1: (3.3)
Substituting (3.3) in (3.2) we obtain
H 31 (A
3
0 − 0) = G1(G0 − 3A20B0H 21 − 3A0B20H1G1 − B30G21 + 0L):
Therefore, there exists a homogeneous polynomial T of degree 6% + 1 such that
A30 − 0 = TG1. Substituting in the above equality and dividing by G1 we obtain that
the algebraic surfaces which present contact of order 8ve with the cone F along a
curve of degree 3%+ 2 are the following:
G0 = 3A20B0H
2
1 + 3A0B
2
0H1G1 + B
3
0G
2
1 − A30L+ TF: (3.4)
Let us remark that Eq. (3.4) is signi7cant even if %=0, and if 0 it represents surfaces
G0 of degree four such that F · G0 = 6(a + b), a and b being two generators of F
(generally non-sextatic).
Case s= 1, q= 3:
Now let C0⊂F be a curve of order 3%+ 1 passing simply through the vertex O and
such that 3C0
F=0. As h1 =2 there is at least one pencil 
1 of surfaces of degree %+1
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containing C0 and cutting on F , outside C0, a linear series g12 which is also cut by a
pencil of planes passing through an inOexional generator C2 = c: We can suppose that
the surface H0 cutting on F , outside C0, the divisor C1 = a+ b ∈ g12 is such that the
lines a; b; c are three inOexional generators of F . Let H1 be the plane containing a; b; c.
If L, M , and G2 =N are the planes which osculate F along a; b and c, the equation of
F can be written in form (3.1) and the quadric G1 which osculates F along C= a+ b
is LM = 0. Then we can use procedure in 2.2 starting from the equality
H 31 = 1F + G2G1
(where 1 = 1) to obtain the equation of any surface G0 which osculates the cone F
along a smooth curve of order 3%+ 1,
G0 = A30G2 +
3∑
+=1
(
3
+
)
B+0G
+−1
1 A
3−+
0 H
3−+
1 + 0F;
that is
G0 = A30N + 3A
2
0B0H
2
1 + 3A0B
2
0LMH1 + B
3
0L
2M 2 + 0F; (3.5)
where A0; B0; 0 are arbitrary polynomials of degrees %; %− 1; 3%− 2, respectively.
Case s= 1, q= 6:
For q= 6 and s= 1 we can do as follows.
Let F · G0 = 6C0, F · H0 = C0 + a + b and let H1 be the plane meeting F along
a + b + c. If H2 is the tangent plane to F along c, G2 is the quadric cone such that
F ·G2 =6c and L is the plane tangent to F along the (inOexional) line d common to F
and H2 outside c, we have F=H 32 +LG2. As 2c=H2 ·G2 it is H 21 =A1H2 +B1G2 with
A1 homogeneous polynomial of degree one and B1 ∈ C. We can write the equation of
a quadric surface G1 which presents contact of order 7ve with F along the conic a+b
in form (3.4):
G1 = 3A21B1H
2
2 + 3A1B
2
1H2G2 + B
3
1G
2
2 − A31L+ TF:
As a+b=F ∩H1∩G1 and H1 meets transversally both F and G1 along a+b, if the
degree of H0 is large enough, we can write H0 = A0H1 + B0G1 + C0F , with A0; B0; C0
homogeneous polynomials of degrees %; %− 3; %− 2, respectively.
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Moreover, there exists a homogeneous polynomial 1 of degree three such that
H 61 = 1F + G2G1;
in fact H 61 and G2G1 cut on F the same divisor 6(a+ b+ c).
Using the procedure of (2:2), we 7nally obtain the surfaces G0 having 6-contact
with F along a curve C0 of degree 3%+ 1 (% ≥ 3),
G0 = A60G2 + 6A0B0H1(A
4
0H
4
1 + B
4
0G
4
1) + 15A
2
0B
2
0H
2
1G1(A
2
0H
2
1 + B
2
0G
2
1)
+20B50G
4
1A0H1 + B
6
0G
5
1 + 0F:
Case s= 3, q= 2:
Let us now suppose that
degC0 = 3%+ 3; 2C0 = F · G0;
(degG0=2%+2). A surface H0 of degree %+2 passing through C0 intersects F outside
C0 in a triple of non-complanar lines C1 = a+ b+ c such that 2C1
F=0; and a quadric
cone H1 of vertex O which contains C1 gives on F another triple of non-complanar
lines C2 with 2C2 = F · G2, where G2 is a quadric cone too. If 2C1 = F · G1, as
C1 = F ∩ G1 ∩ H1 and H1 meets transversally both surfaces G1 and F , we can write
H0 = A0H1 + B0G1 + C0F with degA0 = degB0 = % and degC0 = % − 1 for % large
enough. Moreover there exists a plane 1 such that
H 21 = 1F + G1G2;
in fact both surfaces H 21 and G1G2 cut on F the same divisor 2(C1 + C2):
Hence 2.2 gives us the surfaces G0 of degree 2%+2 which simply touch F along a
curve C0 of order 3%+ 3 having the vertex of F as a triple point and not lying on a
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surface of degree %+ 1,
G0 = A20G2 + 2A0B0H1 + B
2
0G1 + 0F; (3.6)
0 being an arbitrary homogeneous polynomial of degree 2%− 1:
In particular, if % = 1 we have the ∞4 surfaces of degree four touching F along a
curve  of degree six with the triple point O. This curve  is not in a quadric, because
C0 had been supposed to be a not algebraic complete intersection on F ; so it breaks
into six generators a; b; c; a′; b′; c′ of F such that 3(a+b+c) F=0 and 3(a′+b′+c′) F=0:
Eq. (3.6) is signi7cant even if % = 0 assuming 0 = 0. In this case it repre-
sents a quadratic series of quadric cones of vertex O which touch F along triples
of non-complanar generators.
Case s = 3, q = 3: The linear system 
2 of the surfaces of degree % + 2 passing
through C0 cuts on F a linear series g23 of triples of non-complanar lines a; b; c; so we
can choose H0 such that two of the lines a; b; c, and consequently the third too, are
inOexional generators of F .
If the quadric cone H1 cuts C1 + C2 on F , C2 is a triple of non-complanar lines
a′; b′; c′ such that 3(a′ + b′ + c′) F=0:
On the other hand, if L;M; N are the tangent planes to F along the inOexional lines
a; b; c, we can assume G1 = LMN:
For H0 = A0H1 + B0G1 +C0F (degA0 = % and degB0 = degC0 = %− 1) the equality
(A0H1 + B0G1 + C0F)3 = 0F + G1G0
with deg0 = 3%+ 3 holds.
Then there exists an equality of the form
G1G0 = (A0H1 + B0G1)3 + KF (degK = 3%+ 3)
that is
LMNG0 = (A0H1 + B0LMN )3 + KF: (3.7)
On the other hand, by 2.1 there exist two cubic polynomials 1 and G2 such that
H 31 = 1F + G2LMN .
Hence, using the procedure of (2.2), we see as usually that there exists a polynomial
0 such that
K = 0LMN − A301
and we can write
G0 = A30G2 + 3A0B0H1(B0LMN + A0H1) + B
3
0L
2M 2N 2 + 0F: (3.8)
If we want, we can write the polynomial F by means of the three linear forms
L;M; N . One can easily see that
F = L3 +M 3 + N 3 + 3MN (M + N ) + 3NL(N + L) + 34LM (L+ 4M) + +LMN;
where + ∈ C and 43 = 1.
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3.3. Quartic cones of genus three
Now let F be a quartic cone of genus  = 3 and let C = C0 be an algebraic curve
of order 4%+ s, having an s-fold point at vertex O of F . The genus p of C0 is
p= 1 + 2%2 + s(%− 1);
there exist at least hl linearly independent algebraic surfaces ’j’s of degree %+l which
contain C0 but do not contain F as a component, where
h1 = 3− s; h2 = 9− 2s; h3 = 19− 3s; : : :
and the linear system 
l of equation
∑
’j=0 cuts on F a linear series whose dimension
is at least hl − 1.
If s=1 and l=1 the above linear series is a g13, necessarily special (because =3);
hence the three lines a; b; c; are complanar with a 7xed line C2. This can also be
proved by considering that a generic surface H0 passing through the curve C0, which
is smooth at O, has O as simple point and the three lines a; b; c must lie in the plane
tangent to H0 at O. The point O is a ;ex-point for H0.
Moreover qC2
F=0, and this implies that q ≡ 0 (mod 4).
This situation is not possible if F is a cone of general kind. It is well known in fact
that on a general quartic cone of genus three with 24 distinct inOexional generators
there do not exist generators which are set-theoretic complete intersections. In the case
q= 4, for example, F must have a line r such that 4r F=0, i.e. a stationary line.
If s=2 there is, in general, only one surface H0 of degree %+1 passing through C0
and not containing the cone as a component. It residually meets F in a pair of lines
C1 = a+ b. Hence we have q ≡ 0 (mod 2).
If s = 3 we must distinguish two cases according to whether the three tangent
lines of C0 at O lie in a plane or not, because if they are not complanar the ver-
tex of the cone is a multiple point (and in general a double point) for all surfaces
H0 passing through C0. Then the complete intersection C0 + C1 of the two surfaces
H0 and F has the vertex as a point of multiplicity eight; hence the multiplicity of
C1 at O is 7ve, and, if the degree of H0 is % + 2, the curve C1 breaks into 7ve
generators.
On the contrary, if the three tangent lines of C0 are complanar, the point O is a
simple point of H0, so its multiplicity for C0 + C1 is four, and O is a simple point
of C1. In this case there are surfaces of 
2 passing simply through C0 and cutting
on F , outside C0, a curve C1 of order 7ve which is the union ’+ r, where ’ and r
are a generic section plane and a generator of F , respectively. In both cases we have
q ≡ 0 (mod 4).
Finally, for s= 4 we have no conditions for q, because the residual intersection C1
of F with a surface H0 passing through C0 is the union of four generators.
In the next section, we will write the equations of all surfaces which present q-contact
with F in the following cases:
1. s= 1, q= 4 (and F with a stationary generator);
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2. s= 2, q= 2 or q= 4;
3. s= 4, q= 2.
Later, we shall obtain some partial results concerning the case s= 3:
3.4. Determining surfaces which touch a cone F4
Case s= 1, q= 4:
On the quartic cone F we consider a smooth curve C0 of order 4%+1 (so that % ≥ 2)
such that 4C0
F=0. Let us suppose that H0 is a surface of degree %+ 1 containing C0
and having O as a simple point. This surface contains consequently, besides C0, three
lines a; b; c which lie in a plane H1 meeting the cone F also in a stationary line d=C2.
There exists a cubic cone G1 whose intersection with F is 4C1, where C1 = a+ b+ c;
hence, if L=G2 is the plane tangent to F along C2, we can write the equation of the
cone in the form
H 41 = F + LG1: (3.9)
Moreover as H1 · G1 = C1, we can write H0 = A0H1 + B0G1, A0 and B0 being two
suitable polynomials whose degrees are % and %− 2, respectively.
Hence, with the procedure in 2.2 we obtain that the surfaces which present a
4-contact with F along C0 are the following:
G0 = A40L+ 4A0B0H1(A
2
0H
2
1 + B
2
0G
2
1) + 6A
2
0B
2
0G1H
2
1 + B
4
0G
3
1 + 0F (3.10)
with deg0 = 4%− 3.
Let us remark that (3.10) is signi7cant also for %=1, provided that we take B0 = 0:
In this case it becomes
G0 = A40L+ 0F
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and represents the quintic surfaces which have contact of order three along a curve C0
composed by the stationary generator d and the section of F with the plane A0 = 0.
Case s= 2, q= 2:
Let us now suppose that C0 is an irreducible algebraic curve of degree 4%+2 (% ≥ 1)
having the vertex O of F as a double point, and such that 2C0
F=0. A surface H0 of
degree %+1 passing through C0 cuts on F a residual pair of lines C1 = a+ b and we
have 2(a+b)=F ·G1 where G1 =L is one of the 28 bitangent planes of F (i.e. planes
touching F along two generators). Let now H1 be a quadric cone containing C1. The
residual intersection of H1 and F is a sextuple C2 of generators and there exists a cubic
surface G2 such that 2C2 =F ·G2. Since C1 =H1 ·G1 we can write H0 =A0H1 +B0G1;
with degA0 = % − 1 and degB0 = %. Moreover we know that H 21 = 1F + G2L with
1 ∈ C.
So, with the method by now habitual, we get
G0 = A20G2 + 2A0B0H1 + B
2
0L+ 0F; (3.11)
where 0 is a homogeneous polynomial of degree 2%− 3 if % ≥ 2, and 0 =0 if %=1.
Case s= 2; q= 4:
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Still in the case s= 2, we suppose now q= 4, so that C0 is a curve of degree 4%+ 2
which satis7es the condition 4C0 = F · G0. The residual intersection C1 of F with a
surface H0 of degree %+ 1 passing through C0 is a pair of lines a+ b and there is a
quadric cone G1 such that F ·G1 = 4(a+ b): A plane H1 = L containing C1 cuts on F
a new pair of lines C2 = c + d, and 4(c + d) = F · G2, G2 being a new quadric cone.
Because C1 = H1 · G1 we can 7nd two homogeneous polynomials A0 of degree % and
B0 of degree % − 1 such that H0 = A0H1 + B0G1. On the other hand, we know that
H 41 = 1F + G2G1 with 1 ∈ C.
Finally, following 2:2, we obtain the equations of the surfaces of degree 4% + 2
having a 4-contact with F along C0
G0 = A40G2 + 4A0B0L(A
2
0L
2 + B20G
2
1) + 6A
2
0B
2
0G1L
2 + B40G
3
1 + 0F;
with deg0 = 4%− 2.
Case s= 4; q= 2:
Let H0 be a surface of degree %+ 2 containing a curve C0 ∈ F of order 4%+ 4, such
that 2C0 =F ·G0, where G0 is a surface of degree 2%+2. The residual intersection of
G0 with F is a quadruple of generators C1=a+b+c+d. As C0 had been supposed to
be a not algebraic complete intersection, the four lines a; b; c; d are not in a plane; and
a quadric cone H1 containing them gives on F a new quadruple C2 = a′ + b′ + c′ + d′
of non-complanar lines. There exists a quadric cone G2 such that 2C2 = F ·G2. Since
C1 =H1 ·G1 we can write H0 = A0H1 + B0G1, with degA0 = degB0 = %; moreover we
know that H 21 = 1F + G2G1 (1 ∈ C).
Therefore, process 2:2 gives us
G0 = A20G2 + 2A0B0H1 + B
2
0G1 + 0F
with deg0 = 2%− 2.
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Case s = 3: Let C0 be an irreducible curve of degree 4% + 3 traced on F and
having the vertex O as a triple point. Let us suppose that 4C0 = F · G0 where
degG0 = 4%+ 3:
In general, if s = 3, there do not exist surfaces of degree % + 1 passing through
C0. Nevertheless, on a quartic cone endowed with stationary generators, there ex-
ist curves of order 4% + 3, with O as a triple point, which are 4-contact curves:
they are the residual intersection of F with surfaces of degree % + 1 containing a
stationary generator. And for these curves it is very easy to 7nd the correspondent
G0.
On the contrary, the C0 always belongs to at least ∞2 algebraic surfaces H0 of
degree % + 2. One of these surfaces cuts on F outside C0 a curve C1 of 7ve degree,
and there is a quintic surface G1 cutting on F the divisor 4C1.
There are two possibilities:
1. C1 is composed of a plane section and a generator of F ;
2. C1 consists of 7ve generators of F .
In the 7rst case the vertex O of F is a simple point of H0 (and O is a Oex-point
for H0); it is easy to see that G1 = H 41 L where H1 is a plane not passing through O
and L is the tangent plane to F along a stationary generator.
Hence the 7rst case is not possible if F has no stationary generators.
On the contrary, all cones of genus three contain triples C2 of lines a; b; c such
that q(a + b + c) F=0 for all integers q. For example if q = 4 and % ≥ 2, on F
there exist 4096 triples (two by two not equivalent) of lines satisfying this condi-
tion.
While the problem of the existence of q-contact-curves on a quartic cone of genus
three may be easily approached using the Abel theorem, on the contrary it is rather
diEcult to write the equation of the surfaces touching the cone along
them.
Hence, we deal only with some special cases which seem particularly interesting.
Let us suppose that q = 4 and the lines a; b; c are three stationary generators
of F:
First of all, we will write an equation de7ning a quartic cone F possessing three
stationary lines. Let x0; x1; x2; x3 be homogeneous coordinates on P3(C) with
respect to a tetrahedron A0A1A2O having the vertex of F as point (0; 0; 0; 1), so
that the equation of F represents in the plane  = A0A1A2 the curve ’ (of
degree four and having three stationary points K0; K1; K2), traced on  by F .
We can choose the fundamental simplex A0A1A2 in  such that the lines l0 = A1A2;
l1 = A2A0; l3 = A0A1 are the tangents to ’ at K0; K1; K2, respectively. Let 
 be
the pencil of conics touching l1 and l2 at K1 and K2; ! the involution cut on l0
by 
 and !′ the involution on l0 with double points A1 and A2.
If the points K1 and K2 are given, it is a simple exercise to see that for the third
stationary point K0 there are only four positions forming a harmonic set.
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Two of them are the double points of !: the point of contact of l0 with the irreducible
conic  of 
 touching l0 and the point where l0 meets the line r=K1K2. The remaining
two points constitute the pair common to ! and !′, so they belong to a same conic 
of 
.
Under a suitable choice of the unit point we can assume K1 ≡ (−1; 0; 1); K2 ≡
(1;−1; 0) so that K0 ≡ (0; 1; 4) with 44 = 1. 1
Let now C0 be a curve of order 4%+ 3 such that 4C0 = F · G0.
If there do not exist surfaces of degree % + 1 passing through C0 we take one
of the at least ∞2 surfaces of degree % + 2 which contain it and suppose that the
residual intersection C1 with F is made of 7ve lines. It is 4C1 = F · G1, with
degG1 = 5.
A quadric cone H1 passing through C1 contains three more generators C2 = a; b; c
and it must be 4C2 = F · G2, with degG2 = 3.
Suppose that a; b; c are three stationary lines.
If L0; L1; L2 are the three tangent planes to F along a; b; c, we can assume G2=L0L1L2.
1 A quartic curve ’⊂  presenting contact of order three with the line A0A1 at K2 is de7ned by an equation
of the form
’(x0; x1; x2) ≡ (x0 + x1)4 + x26(x0; x1; x2) = 0;
where 6 is a homogeneous polynomial of degree three.
To make ’ have the line A0A1 as a stationary line, with contact point K1, we have to impose that
x40 + x26(x0; 0; x2) ≡ (x0 + x2)4;
so that
6(x0; x1; x2) ≡ 4x30 + 6x20x2 + 4x0x22 + x32 + x17(x0; x1; x2)
with 7 homogeneous polynomial of degree two. Hence,
’(x0; x1; x2) ≡ (x0 + x1)4 + x2
(
4x30 + 6x
2
0x2 + 4x0x
2
2 + x
3
2 + x1
2∑
i; k=0
aikxixk
)
:
Finally, in order that the quartic ’ may have A1A2 as a stationary tangent, it must be
’(0; x1; x2) ≡ x41 + x42 + x1x2(a11x21 + 2a12x1x2 + a22x22) ≡ (x1 + 4x2)4; 4 ∈ C;
which implies that
44 = 1; a11 = 44; a12 = 342; a22 = 443:
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If a; b; c are not in a plane (4 = −1) and 8 is the cone projecting  by O, we can
assume H2 = 8 and write
F = 82 + L0L1L2L3;
where L3 is a bitangent plane (or a stationary plane), if L3 touchs 8 (82 and F cut
on G2 the same curve 4a+ 4b+ 4c).
As H2 ·G2 = 2C2 = 2(a+ b+ c) for the surface H1 satisfying H1 · F =C1 +C2 we
can write H 21 = A18 + B1L0L1L2, with A1, B1 homogeneus polynomials of degrees 2
and 1, respectively.
On the other hand, we know that H 41 = 1F + L0L1L2G1, with deg1 = 4.
Then we have
(A21 − 1)82 = L0L1L2(G1 − B21L0L1L2A18B1 + 1L3);
hence there exists a linear form T such that A21 − 1 = TL0L1L2.
Substituting in the above equality and dividing by L0L1L2, we get
G1 = B21L0L1L2 + 2A18B1 − A21L3 + TF:
If a; b; c are in a plane R (4= 1), we assume H2 = R and write
F = R4 + L0L1L2L3;
where L3 is a fourth stationary plane.
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Moreover it is H1=SR with S a linear form, as H1 contains three complanar stationary
lines, and H 41 = 1F + L0L1L2G1. So in this case the procedure of (2:2) gives
G1 = S4L3 + 1F:
Observe now that, as C1 = F ∩ H1 ∩ G1 and H1 meets transversally both F and G1
along C1, we can write H0 = A0H1 + B0G1 + C0F for % large enough with degA0 =
%; degB0 = %− 3; degC0 = %−2.
Using the procedure of (2:2) in both the cases (4=±1) we obtain
G0 = A40L0L1L2 + 4A0B0H1(A
2
0H
2
1 + B
2
0G
2
1) + 6A
2
0B
2
0G
2
1H1 + B
4
0G
3
1 + 0F;
where the equations of G1 are those found above.
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